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We develop a new entanglement measure by extending Jaeger’s Minkowskian norm entanglement
measure. This measure can be applied to a much wider class of multipartite mixed states, although
still ”quasi” in the sense that it is still incapable of dividing precisely the sets of all separable and
entangled states. As a quadratic scalar function of the system density matrix, the quasi measure can
be easily expressed in terms of the so-called coherence vector of the system density matrix, by which
we show the basic properties of the quasi measure including (1) zero-entanglement for all separable
states, (2) invariance under local unitary operations, and (3) non-increasing under local POVM
(positive operator-valued measure) measurements. These results open up perspectives in further
studies of dynamical problems in open systems, especially the dynamic evolution of entanglement,
and the entanglement preservation against the environment-induced decoherence effects.
PACS numbers: 03.67.Lx,03.67.Mn,03.67.Pp
I. INTRODUCTION
In recent years, research on quantum information
science[1] has made a tremendous leap inspired by its
potential impacts on the existing information technolo-
gies. Among the rich theoretical studies from various
fields, quantum entanglement[2, 3, 4, 5, 6, 7, 8, 9, 10], as a
pure quantum phenomenon, has been recognized to be
the key of high computation ability and communication
security in quantum information implementations. It is
practically very important to quantify the amount of en-
tanglement in quantum states that embodies the capac-
ity of quantum information process. Considerable efforts
have been addressed in the literature. For two-qubit
pure states, this problem has been completely solved
in various ways such as the partial entropy entangle-
ment measure[11]. But for more general quantum states,
i.e. mixed and/or multipartite states, the solution is far
from perfect. The difficulties are mainly due to the fact
that the set of the separable multipartite mixed states is
too erose to be distinguished from that of the entangled
states.
The existing definitions of the entanglement measures
can be roughly classified into three classes. The first class
comes from the physical intuitions. For examples, the
entanglement cost[11, 12] is defined as the average num-
ber of EPR pairs required to approximate the system
state ρ; the distillable entanglement[11, 13, 14] is defined
as the average number of approximate EPR pairs obtain-
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able from ρ. The second class appoints the extremum of
some minimization problem as the measure, e.g. the en-
tanglement of formation[11, 15] and the relative entropy of
entanglement[16, 17, 18, 19, 20]. The third class is related to
the eigenvalues of some matrix, e.g. concurrence[15] and
the entanglement measures based on the PPT(positive
partial transpose) condition[21, 22, 23].
The above approaches are physically intuitive, but
not convenient in calculations. Following the idea of
Wootters[15], Jaeger[24, 25, 26] proposed a novel entan-
glement measure for multi-qubit states. This mea-
sure can be explicitly expressed in terms of the Stokes
parameters or, equivalently, the so-called coherence
vector[27, 28, 29, 30, 31] of the system density matrix. The
measure is well-defined for multi-qubit pure states, how-
ever, not directly applicable to mixed states.
In this paper,we are going to develop an entanglement
measure that fulfils certain conditions for general quan-
tum states. Our measure is extended from Jaeger’s mea-
sure, which can also be explicitly expressed as a quadratic
function of the coherence vector of quantum states under
consideration. Since this measure is not yet perfect for
some entangled states, even if it is better than Jaeger’s
measure, we prefer to call it quasi entanglement measure.
The paper is organized as follows: in section II, the con-
cept of quasi entanglement measure is introduced. In sec-
tion III, we present the (expanded) coherence vector rep-
resentation for multipartite density matrices, by which
the quasi entanglement measure introduced in section II
is re-expressed. In this picture, properties of this measure
are discussed in section IV followed by several typical ex-
amples in section V. Finally, summary and perspectives
for future studies are given in section VI.
2II. QUASI ENTANGLEMENT MEASURE
Basically, in quantum physics, separable states refer to
quantum states that can be prepared by classical means
such as local unitary operations and local measurements.
In the mathematical language, a n-partite separable state
ρ can be written as[32]:
ρ =
∑
i
pi|ψ1i 〉〈ψ1i | ⊗ · · · ⊗ |ψni 〉〈ψni |,
∑
i
pi = 1, (1)
where pi ≥ 0 and |ψki 〉 is a pure state of the kth sub-
system. The quantum states that are not separable are
called entangled states. For a general entangled state ρ,
a perfect entanglement measure E(ρ) should satisfy the
following conditions[16]:
• E(ρ) ≥ 0; E(ρ) = 0 if and only if ρ is separable;
• Local unitary operations leave E(ρ) invariant, i.e.
E(ρ) = E(UρU †) for arbitrary U = U1 ⊗ · · · ⊗ Un,
where Ui is a unitary transformation acting on the
ith subsystem;
• E(ρ) is non-increasing under LOCC (local opera-
tion and classical communication) operations. Note
that the LOCC operation can be mathematically
expressed as Θ(ρ) =
∑
rMrρM
†
r , where Mr =
Lr,1 ⊗ · · · ⊗ Lr,k and
∑
rM
†
rMr = I.
Among the enormous efforts to seek entanglement
measures that fulfil the above criteria, Jaeger[24, 25, 26]
proposed a scheme to measure entanglement in multi-
qubit states borrowing ideas from Wootters[15]:
E(ρ) = trρF (ρ),
where F (ρ) = σ⊗ny ρ
∗σ⊗ny is the flip operation on ρ in
which σy is the y-axis Pauli matrix and ρ
∗ denotes the
complex-conjugate of the system density matrix ρ.
Jaeger’s measure is a good measure for pure multi-
qubit states, and, in particular, coincides with the so-
called concurrence squared[15] for pure two-qubit states.
The remarkable advantage is that the measure can be ex-
pressed as the Minkowskian norm of the Stokes parame-
ters or, equivalently, the coherence vector of ρ, which are
easy to be computed in practice.
However, Jaeger’s measure fails to precisely quantify
entanglement in general mixed states, because it might
be non-zero for separable mixed states. For example,
one can verify that his measure is equal to 12n 6= 0 for the
separable and completely mixed state 12n I
⊗n
2 where I2 is
the two-dimensional identity matrix.
Actually, having an insight into the definition, we may
find that the flip operation F (ρ) for multi-qubit pure
states flips a separable pure state
|ψ〉〈ψ| = ⊗nk=1|ψk〉〈ψk|,
to the separable pure state
|ψ˜〉〈ψ˜| = ⊗nk=1|ψ˜k〉〈ψ˜k|,
where |ψk〉 and |ψ˜k〉 = σy(|ψk〉)∗ satisfy:
〈ψk|ψ˜k〉 = 0, |ψk〉〈ψk|+ |ψ˜k〉〈ψ˜k| = I.
Hence, for pure separable states, we have:
E(|ψ〉〈ψ|) = |〈ψ|ψ˜〉|2 =
n∏
k=1
|〈ψk|ψ˜k〉|2 = 0.
However, the measure becomes much more complicated
for mixed separable states. In fact, for mixed separable
states in the form of (1), one can find that:
E(ρ) =
∑
i,j
pipj
∏
k
|〈ψki |ψ˜kj 〉|2,
in which 〈ψki |ψ˜kj 〉 is generally non-zero for i 6= j. Hence
the measure E(ρ) is improper because it usually gives
positive values for mixed separable states.
The main reason for the above imperfection is that
there are more than one term in the decomposition (1).
This reflects the mixedness of the state that is some-
what related to the classical correlation information[16]
and should not be taken into account for the measure of
quantum entanglement. In this regard, we will remove
this amount of information from the original Jaeger’s
measure in order to obtain a better one for more gen-
eral multipartite mixed states.
Firstly, we generalize the aforementioned ”flip” opera-
tion to multipartite systems:
Definition 1 The ”flip” operation F (ρ) and the ”unflip”
operation F¯ (ρ) on the multipartite density matrix ρ are
expressed as follows:
F (ρ) =
∑
1≤i1<j1≤N1
···
1≤in<jn≤Nn
(
n⊗
k=1
σ
(k)
ikjk
)
ρ∗
(
n⊗
k=1
σ
(k)
ikjk
)
, (2)
F¯ (ρ) =
∑
1≤i1<j1≤N1
···
1≤in<jn≤Nn
(
n⊗
k=1
σ¯
(k)
ikjk
)
ρ
(
n⊗
k=1
σ¯
(k)
ikjk
)
, (3)
where ⊗nk=1Ak = A1⊗· · ·An. ρ∗ is the complex-conjugate
of ρ. The Nk dimensional matrices σ
(k)
ij and σ¯
(k)
ij act on
the kth subsystem with the entries defined as:
(σ
(k)
ij )rs = −
i√
Nk − 1
(δirδjs − δjrδis),
(σ¯
(k)
ij )rs =
1√
Nk − 1
(δirδis + δjrδjs).
As a generalization of Jaeger’s measure, we use the
quadratic function tr[ρF (ρ)] defined by the ”flip” opera-
tion to quantify the amount of entanglement in multipar-
tite pure states. One can verify that, owing to the factor
31√
Nk−1 we introduce, this measure vanishes for arbitrary
pure separable states (see Theorem 2) of general multi-
partite quantum systems, and, as a special case, is re-
duced to Jaeger’s Minkowskian norm entanglement mea-
sure for multi-qubit states. However, as analyzed before,
this measure will become non-zero for mixed separable
states that contain classical correlation information[16]
among the subsystems, which is related to the mixed-
ness of the quantum states. We introduce the following
function:
M(ρ) =
(
2n∏n
k=1Nk
− tr[ρF¯ (ρ)]
)
,
to partially reflect the mixedness of the states. Note that,
except for the multi-qubit case, M(ρ) is different from
the traditional mixedness expression M(ρ) = 1 − trρ2,
because the measure is required to vanish for pure sep-
arable states (see Theorem 2) and fulfil some other con-
ditions that we are going to prove later (see Theorem
3).
Finally, by subtracting M(ρ) from the gross entangle-
ment measure trρF (ρ), we draw a quadratic quasi entan-
glement measure
Eq(ρ) = max{f(ρ), 0}, (4)
with the function f(ρ) defined as follows:
f(ρ) = tr[ρF (ρ)] −
(
2n∏n
k=1Nk
− tr[ρF¯ (ρ)]
)
, (5)
or, in a more compact form:
f(ρ) = trρ[F (ρ) + F¯ (ρ)]− 2
n∏n
k=1Nk
. (6)
In the following parts of this paper, we will show that
the function Eq(ρ) satisfies most of the conditions to be a
perfect entanglement measure, except that the function
may be zero for some entangled states. In this regard,
we call the function Eq(·) a quasi entanglement measure.
For example, the two-qubit Werner state[20]
w =
1
4
I ⊗ I − 1
4
· 2Φ + 1
3
3∑
k=1
σk ⊗ σk
has been shown to be separable if and only if −1 ≤ Φ ≤ 0,
but our measure gives a wider range −2−
√
6
4 ≈ −1.112 ≤
Φ ≤ −2+
√
6
4 ≈ 0.112 for Eq(w) = 0. Nevertheless, it can
be proven that Eq(ρ) = 0, i.e. f(ρ) ≤ 0, for all separable
states (see the proof of Theorem 3). Therefore, the set
of separable states is a proper subset of the set of zero-
entanglement states. The relationship between these two
sets is shown in Figure 1.
Remark 1 For states of which f(ρ) are negative, the
negative values reflect the mixedness of the states due
to the substraction of M(ρ). For example, for separable
Separable states 
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FIG. 1: The relationship between the set {ρ|f(ρ) ≤ 0} and the set of
all separable states.
states, f(ρ) is zero for all pure separable states (see The-
orem 2), and goes below zero for mixed separable states in
which the minimum 2∏n
k=1
Nk
(1− 2n−1) is reached at the
completely mixed (separable) state 1∏n
k=1 Nk
I(1)⊗ · · · I(n).
To obtain a non-negative measure, we artificially cut
off the negative part of f(ρ) in (4) so that all separable
states have zero entanglement. Such a definition amounts
to a not so mathematically elegant non-smooth function,
which also appears in Wootters’s concurrence entangle-
ment measure[15]. Nevertheless, once we are able to find
a perfect f(ρ) for which ρ satisfies f(ρ) ≤ 0 if and only
if ρ is separable, E(ρ) = max{f(ρ), 0} becomes a perfect
entanglement measure. In this case, negative f(ρ) does
not contain any entanglement information, because this
only happens to separable states. On the other hand, the
non-smoothness of such entanglement measures would
help to explain why entanglement may be lost in fi-
nite time[5, 6, 7]. Roughly speaking, consider a Marko-
vian open system that exponentially decays to an equi-
librium separable distribution ρ∞ such that f(ρ∞) < 0.
Although the equilibrium can be reached only in infinite
time, the function f(ρ(t)) will touch and go below zero
within a finite time interval because of the continuity of
the function f . This is to say, in this case, the entangle-
ment in ρ(t) will disappear completely in finite time.
III. EXPANDED COHERENCE VECTOR
In this section, we will represent the entangle-
ment measure Eq(ρ) in the simpler coherence vector
picture[27, 28, 29, 30, 31], which has been widely applied to
describe the evolution of open quantum systems. For N -
level systems, the coherence vector of a density matrix
ρ is derived as follows. Firstly, we choose an orthonor-
mal basis {Ω0,Ω1, · · · ,ΩN2−1} of N ×N complex matri-
ces with respect to the inner product 〈X,Y 〉 = tr(X†Y ),
where Ω0 =
1√
N
I is the normalizedN×N identity matrix
and Ω1, · · · ,ΩN2−1 are N ×N normalized traceless Her-
mitian matrices. A natural choice of the basis for N -level
4systems is the generalization of Pauli matrices in two-
level systems: {Ωxij , Ωyij , Ωzp; 1 ≤ i < j ≤ N, 2 ≤ p ≤ N},
where the entries of these matrices are:
(Ωxij)rs =
1√
2
(δirδjs + δjrδis),
(Ωyij)rs = −
i√
2
(δirδjs − δjrδis), (7)
(Ωzp)rs =

1√
p(p−1)δrs r < p
−
√
p−1
p
δrs r = p
0 r > p
,
and 1 ≤ r, s ≤ N . Under this basis, any N ×N complex
matrix A can be expanded as A = ~a · ~Ω := ∑N2−1i=0 aiΩi
where ~a = (a0, · · · , aN2−1)T ∈ CN2 (~a ∈ RN2 if A
is Hermitian) and ~Ω = (Ω0, · · · ,ΩN2−1)T . Denote
the Hermitian density matrix ρ as ρ = m¯ · ~Ω, where
m0 = tr(Ω0ρ) ≡ 1√
N
. The N2 − 1 dimensional vec-
tor m = (m1, · · · ,mN2−1)T is called the coherence vec-
tor of ρ, while m¯ = (m0,m1, · · · ,mN2−1)T is called the
expanded coherence vector. For convenience of the fol-
lowing computations involving tensor product quantum
states, we will frequently use m¯ instead of m. Obviously,
since {Ωi}i=0,··· ,N2−1 is an orthonormal basis, we have
m¯T m¯ = trρ2 ≤ 1, which implies that the expanded co-
herence vector resides in the solid unit ball of RN
2
.
Generally, for a n-partite system of which the kth sub-
system is Nk dimensional, the orthonormal matrix basis
can be naturally chosen as the tensor product of basis
matrices of the subsystems:
{Ω(1)i1 ⊗ · · · ⊗ Ω
(n)
in
; ik = 0, · · · , N2k − 1; k = 1, · · · , n},
where {Ω(k)ik }ik=0,··· ,N2k−1 is the matrix basis of the kth
subsystem. Under this basis, a n-partite system density
matrix can be written as:
ρ =
∑
0≤i1≤N
2
1
−1
···
0≤in≤N
2
n−1
mi1,··· ,inΩ
(1)
i1
⊗ · · ·Ω(n)in , (8)
where the coefficients are:
mi1···in = tr
[
ρΩ
(1)
i1
⊗ · · ·Ω(n)in
]
. (9)
A novel property of the basis {Ω(1)i1 ⊗ · · ·Ω
(n)
in
} is that
the ”flip” (”unflip”) operations acting on the basis matrix
⊗nk=1Ω(k)rk can be decomposed into local ”flip” (”unflip”)
operations acting on the local basis matrix Ω
(k)
rk , i.e.
F
(
n⊗
k=1
Ω(k)rk
)
=
∑
1≤i1<j1≤N1
···
1≤in<jn≤Nn
n⊗
k=1
(
σ
(k)
ikjk
Ω(k)rk σ
(k)
ikjk
)
=
n⊗
k=1
 ∑
1≤ik<jk≤Nk
(
σ
(k)
ikjk
)
Ω(k)rk
(
σ
(k)
ikjk
)
=
n⊗
k=1
Fk(Ω
(k)
rk
),
where 0 ≤ rk ≤ N2k − 1. For each local flip operation Fk,
one can examine by routine calculations that it keeps
the basis matrix Ω
(k)
0 invariant, while flipping the other
traceless matrices Ω
(k)
rk to − 1Nk−1Ω
(k)
rk . In the coherence
vector picture, the local operation keeps m
(k)
0 invariant
and reverses the direction of the coherence vector m(k)
with the norm shrinking to its 1
Nk−1 multiple. Similarly,
the local ”unflip” operation F¯k keeps both m
(k)
0 and the
direction of the coherence vector m(k) invariant, while
shortening the coherence vector to its 1
Nk−1 multiple.
Therefore, the quadratic function (5) can be expressed
in the coherence vector picture as follows:
f(m¯) = m¯T (S + S¯)m¯− 2
n∏n
k=1Nk
, (10)
where S = S(1) ⊗ · · ·S(n) and S¯ = S¯(1) ⊗ · · · S¯(n) with
the N2k dimensional matrices:
S(k) =
(
1
− IN2k−1
Nk−1
)
, S¯(k) =
(
1
I
N2
k
−1
Nk−1
)
(11)
corresponding to local ”flip” (”unflip”) operations on lo-
cal expanded coherence vectors. Using this basic expres-
sion, one can decompose the matrices S and S¯ into the
following direct sums:
S = diag
1, ⊕
k;i1,··· ,ik
(−1)k
IN2
i1
−1
Ni1 − 1
⊗ · · · ⊗ INik−1
N2ik − 1
 ,
S¯ = diag
1, ⊕
k;i1,··· ,ik
IN2
i1
−1
Ni1 − 1
⊗ · · · ⊗
IN2
ik
−1
Nik − 1
 ,
based on which we get the decomposition of G = S + S¯:
G = 2 · diag
1, ⊕
2∤k;i1,··· ,ik
0N2
i1
−1
Ni1 − 1
⊗ · · · ⊗
0N2
ik
−1
Nik − 1
,
⊕
2|k;i1,··· ,ik
IN2
i1
−1
Ni1 − 1
⊗ · · · ⊗
IN2
ik
−1
Nik − 1
 . (12)
5Within the established coherence vector picture, we
may obtain the following equivalent expressions for future
applications (see Appendix A for proof):
Lemma 1 The fundamental concepts and operations in
multipartite systems can be rephrased as follows:
(1) Separability: m¯ corresponds to a separable state ρ
if and only if it can be written as:
m¯ =
∑
i
pim¯
(1)
i ⊗ · · · ⊗ m¯(n)i ,
where m¯
(k)
i is the N
2
k dimensional expanded coher-
ence vector of a system density matrix ρ
(k)
i of the
kth subsystem;
(2) Local unitary operation can be represented by a
tensor product matrix O¯(1) ⊗ · · · O¯(n) acting on
the expanded coherence vector m¯, where O¯(k) =
diag(1, O(k)) and O(k) is a N2k − 1 dimensional or-
thonormal matrix;
(3) Local measurements can be expressed as the ten-
sor product matrix D¯ = D¯(1) ⊗ · · · D¯(n) acting on
m¯, where the matrix D¯(k) is N2k dimensional. If
the local measurements are POVM measurements,
D¯(k) = diag(1, D(k)) and the N2k − 1 dimensional
matrix D(k) is contractive, i.e. D(k)TD(k) ≤ I.
IV. PROPERTIES OF THE QUASI
ENTANGLEMENT MEASURE
Firstly, we show that our quasi entanglement measure
vanishes for pure separable states:
Theorem 2 For arbitrary pure separable states ρ, we
have:
tr[ρF (ρ)] = 0,
2n∏n
k=1Nk
− tr[ρF¯ (ρ)] = 0,
which means Eq(ρ) = f(ρ) = 0.
Proof: From the first item in lemma 1, the coherence
vector of a pure separable state ρ can be written as:
m¯ = m¯(1) ⊗ · · · ⊗ m¯(n),
where m¯(k) is the N2k dimensional expanded coherence
vector of a pure state ρ(k) of the kth subsystem whose
norm is 1, i.e. m¯(k)T m¯(k) = trρ(k)2 = 1.
Let m¯(k) = (m
(k)
0 ,m
(k))T = ( 1√
Nk
,m(k))T , we have
m(k)Tm(k) = 1− 1
Nk
,
by which it can be deduced that:
tr[ρF (ρ)] = m¯TSm¯ =
n∏
k=1
m¯(k)TS(k)m¯(k)
=
n∏
k=1
(
1
Nk
− 1
Nk − 1m
(k)Tm(k)
)
= 0,
tr[ρF¯ (ρ)] = m¯T S¯m¯ =
n∏
k=1
m¯(k)T S¯(k)m¯(k)
=
n∏
k=1
(
1
Nk
+
1
Nk − 1m
(k)Tm(k)
)
=
2n∏n
k=1Nk
.
Theorem 3 The quadratic function Eq(ρ) is a quasi en-
tanglement measure that possesses the following proper-
ties:
(1) Eq(ρ) ≥ 0; Eq(ρ) = 0 if ρ is separable;
(2) Invariant under local unitary operations;
(3) Non-increasing under local POVM measurements.
Proof: From Eq(ρ) = max{f(ρ), 0} and lemma 1, it is
sufficient to prove in the coherence vector picture:
• f(m¯) ≤ 0 if m¯ =∑i pim¯(1)i ⊗ · · · ⊗ m¯(n)i ;
• f(O¯m¯) = f(m¯) for arbitrary local unitary op-
eration O¯ = O¯(1) ⊗ · · · ⊗ O¯(n), where O¯(k) =
diag(1, O(k)) and O(k) is an orthonormal matrix;
• f(D¯m¯) ≤ f(m¯) for the operation D¯ = D¯(1) ⊗ · · · ⊗
D¯(n), where D¯(k) = diag(1, D(k)) and the matrix
D(k) is contractive, i.e. D(k)TD(k) ≤ I.
For the first property, we can directly compute that
f(
∑
i
pim¯
(1)
i ⊗ · · · ⊗ m¯(n)i )
=
∑
i,j
pipj
(
n∏
k=1
m¯
(k)T
i S
(k)m¯
(k)
j +
n∏
k=1
m¯
(k)T
i S¯
(k)m¯
(k)
j
)
− 2
n∏n
k=1Nk
.
From the fact that
m¯
(k)T
i m¯
(k)
i =
1
Nk
+m
(k)T
i m
(k)
i ≤ 1⇒ ‖m(k)i ‖ ≤
√
1− 1
Nk
,
it can be shown that m¯
(k)T
i S
(k)m¯
(k)
j and m¯
(k)T
i S¯
(k)m¯
(k)
j
in the above equation are both non-negative.
In fact, the first term is non-negative because
m¯
(k)T
i S
(k)m¯
(k)
j =
1
Nk
− m
(k)T
i m
(k)
j
Nk − 1
≥ 1
Nk
− ‖m
(k)
i ‖ · ‖m(k)j ‖
Nk − 1
≥ 1
Nk
− 1−N
−1
k
Nk − 1 = 0,
6and the non-negativity of the latter term is because
m¯
(k)T
i S
(k)m¯
(k)
j =
1
Nk
+
m
(k)T
i m
(k)
j
Nk − 1
≥ 1
Nk
− ‖m
(k)
i ‖ · ‖m(k)j ‖
Nk − 1 ≥ 0.
Employing the inequality
n∏
k=1
ak +
n∏
k=1
bk ≤
n∏
k=1
(ak + bk); ak, bk ≥ 0,
we arrive at the first property as follows:
f(
∑
i
pim¯
(1)
i ⊗ · · · m¯(n)i )
≤
∑
i,j
pipj
n∏
k=1
m¯
(k)T
i [S
(k) + S¯(k)]m¯
(k)
j −
2n∏n
k=1Nk
=
∑
i,j
pipj
n∏
k=1
2
Nk
− 2
n∏n
k=1Nk
= 0.
As to the second property, it is sufficient to prove:
f(m¯)− f(O¯m¯) = m¯T (G− O¯TGO¯)m¯ = 0,
where G = S+S¯. It can be deduced from G−O¯TGO¯ = 0
that can be easily verified from the commutativity rela-
tionship:
[O¯(1) ⊗ · · · ⊗ O¯(n), G] = 0.
The third property requires that
f(m¯)− f(D¯m¯) = m¯T (G− D¯TGD¯)m¯ ≥ 0,
for which it is sufficient to prove that G − D¯TGD¯ is a
non-negative matrix.
From the expression of G in (12) and
D¯ = D¯1 ⊗ · · · ⊗ D¯n
= diag
1, ⊕
k;i1,··· ,ik
D(i1) ⊗ · · · ⊗D(ik)
 ,
one can easily show that G − D¯TGD¯ is block-diagonal
with the non-zero diagonal blocks as:
k⊗
l=1
[
1
Nil − 1
(IN2
il
−1 −D(il)TD(il))
]
,
where 2|k. Thus G − D¯TGD¯ ≥ 0 is obvious from the
contractive property of D(ik). The end of proof. 
Moreover, we can give an estimation of the bounds of
the quadratic quasi entanglement measure:
Theorem 4 For arbitrary quantum states ρ, the quasi
entanglement measure satisfies 0 ≤ Eq(ρ) ≤ 1.
Proof: The lower bound is obvious. Let m¯ be the cor-
responding expanded coherence vector of ρ. Suppose the
dimensions of the first p subsystems N1, · · · , Np ≥ 3 and
Np+1 = · · · = Nn = 2 for the remaining subsystems.
Writing m¯T (S+ S¯)m¯ as the quadratic sum of the entries
of m¯, i.e. mi1,··· ,in given in (8), we have:
m¯T (S + S¯)m¯
=
2∏n
k=1Nk
+ 2
∑
1≤s≤n,2|s,
1≤ik≤N
2
k
−1
m20···i1···is···0∏s
k=1(Nik − 1)
Divide the terms in the summation into three groups:
the first group only depends on the first p subsystems
whose dimensions are no less than 3, i.e. the non-zero
indices i1 · · · is in subscripts only come from the first p
subsystems; the second group is related to both the first
p and the latter two-dimensional subsystems, in which
non-zero indices distribute in both the two groups of sub-
systems with i1 · · · it from the first and it+1 · · · is from the
second; the third group depends only on the latter n− p
subsystems from which all non-zero indices i1 · · · is come.
Noting thatNik−1 will automatically disappear from the
denominator for ik > p because Nik = 2, we have:
m¯T (S + S¯)m¯
=
2∏n
k=1Nk
+ 2
∑
1≤s≤n,2|s,
1≤ik≤N
2
k
−1
m2(0···i1···is···0)(0···0)∏s
k=1 (Nik − 1)
+2
∑
1≤s≤n,2|s,
1≤ik≤N
2
k
−1
m2(0·i1···it···0)(0···it+1···is···0)∏t
k=1 (Nik − 1)
+2
∑
1≤s≤n,2|s,
1≤ik≤N
2
k
−1
m2(0···0)(0···i1···is···0),
Because, for the first two groups,
2∏s
k=1(Nik − 1)
≤ 1, 2∏t
k=1(Nik − 1)
≤ 1,
we can derive that
m¯T (S + S¯)m¯
≤ 2∏n
k=1Nk
+
∑
1≤s≤n,2|s,
1≤ik≤N
2
k
−1
m2(0···i1···is···0)(0···0)
+
∑
1≤s≤n,2|s,
1≤ik≤N
2
k
−1
m2(0·i1···it···0)(0···it+1···is···0)
7+2
∑
1≤s≤n,2|s,
1≤ik≤N
2
k
−1
m2(0···0)(0···i1···is···0)
=
2∏n
k=1Nk
+
∑
1≤s≤n,2|s,
1≤ik≤N
2
k
−1
(m20·i1·is·0 +m
2
(0·0)(0·i1·is·0))
≤ 2∏n
k=1Nk
+
∑
1≤s≤n,
1≤ik≤N
2
k
−1
(m20·i1·is·0 +m
2
(0·0)(0·i1·is·0)).
From the equation
trρ2 = m¯T m¯ =
1∏n
k=1Nk
+
∑
1≤s≤n,
1≤ik≤N
2
k
−1
m20···i1···is···0,
it can be further calculated that
m¯T (S + S¯)m¯
≤ trρ2 + 1∏n
k=1Nk
+
∑
1≤s≤n,
1≤ik≤N
2
k
−1
m2(0···0)(0···i1···is···0)
≤ 1 + 1∏n
k=1Nk
+
∑
1≤s≤n,
1≤ik≤N
2
k
−1
m2(0···0)(0···i1···is···0)
= 1 +
1∏n
k=1Nk
+
∑
1≤ik≤N
2
k
−1
m2(0···0)(ip+1···in).
Denote ρp+1,··· ,n the reduced density matrix for the
last n− p subsystems. From (8), one can show that:
ρp+1,··· ,n = tr1···pρ
=
1
2n−p
I +
√√√√ p∏
k=1
Nk
∑
ip+1··in
m(0·0)(ip+1·in)Ωip+1 ⊗ · · ·Ωin ,
so we have
trρ2p+1···n =
1
2n−p
+
(
p∏
k=1
Nk
) ∑
1≤ik≤N2k−1
m2(0·0)(ip+1·in) ≤ 1,
which means∑
1≤ik≤N2k−1
m2(0···0)(ip+1···in) ≤
1∏p
k=1Nk
− 1∏n
k=1Nk
.
From this inequality, one obtains that
m¯T (S + S¯)m¯
≤ 1 + 1∏n
k=1Nk
+
∑
1≤ik≤N2k−1
m2(0···0)(ip+1···in)
≤ 1 + 1∏p
k=1Nk
≤ 1 + 2
p∏p
k=1Nk
= 1 +
2n∏n
k=1Nk
.
Therefore,
0 ≤ Eq(ρ) = max{f(m¯), 0} ≤ 1+ 2
n∏n
k=1Nk
− 2
n∏n
k=1Nk
= 1.
The end of proof. 
Note that the upper bound can be reached for some
multi-qubit states. For example, the entanglement value
of the well-known GHZ state 1√
2n
(|0 · · · 0 > +|1 · · · 1 >)
with even n is equal to 1.
V. EXAMPLES
Example 1 Consider n-qubit quantum states that are
widely used in the quantum information theory. All the
n subsystems are 2-dimensional. It is not difficult to
verify from (5) that the corresponding quadratic quasi
entanglement measure can be expressed as:
Eq(ρ) = max{tr(ρF (ρ))− [1− tr(ρ2)], 0}, (13)
where F (ρ) = σ⊗ny ρ
∗σ⊗ny and ρ
∗ denotes the complex-
conjugate of ρ. σy is the y-component of the well-known
Pauli matrices.
For n-qubit pure states for which trρ2 = 1, we have
f(ρ) = tr(ρF (ρ)). As shown by Jaeger, tr(ρF (ρ)) ≥ 0 for
physically meaningful states. Thus in this case the quasi
entanglement measure Eq(ρ) = max{f(ρ), 0} = f(ρ) is
reduced to Jaeger’s Minkowskian norm entanglement
measure E(ρ) = tr(ρF (ρ)).
Example 2 Consider the entanglement measure of
two-partite systems with dimensions N1 and N2 respec-
tively. The two-partite ”flip” operation F (ρ) is equiva-
lent to the so-called universal state inverter[33] as follows:
F (ρ) =
tr(ρ)I ⊗ I − ρ1 ⊗ I − I ⊗ ρ2 + ρ
(N1 − 1)(N2 − 1) , (14)
where ρ1 and ρ2 denote the reduced density matrices of
the two subsystems.
In fact, in the coherence vector picture, we have:
ρ =
1
N1N2
I +
∑
1≤i1≤N21−1
mi10 Ωi1 ⊗
1√
N2
I
+
∑
1≤i2≤N22−1
m0i2
1√
N1
I ⊗ Ωi2
+
∑
1≤ik≤N2k−1
mi1i2 Ωi1 ⊗ Ωi2 ,
8F (ρ) =
1
N1N2
I − 1
N1 − 1
∑
i1
mi10 Ωi1 ⊗
1√
N2
I
− 1
N2 − 1
∑
i2
m0i2
1√
N1
I ⊗ Ωi2
+
1
(N1 − 1)(N2 − 1)
∑
i1,i2
mi1i2 Ωi1 ⊗ Ωi2 ,
and
ρ1 =
1
N1
I +
√
N2
∑
1≤i1≤N21−1
mi10 Ωi1 ,
ρ2 =
1
N2
I +
√
N1
∑
1≤i2≤N22−1
m0i2 Ωi2 .
(14) can be easily verified from the above equations.
It can also be verified in the coherence vector picture
that the entanglement measure can be expressed in terms
of the mixedness function:
Eq(ρ) = max{2(N1M(ρ1) +N2M(ρ2)−N1N2M(ρ))
(N1 − 1)(N2 − 1)N1N2 , 0},
whereM(µ) = 1−trµ2 is the mixedness function of some
quantum state µ.
Suppose the two-partite state is a pure state, i.e.
M(ρ) = 0, we find that the more entangled the global
state is, the more mixed the local states are. This shows
that entanglement will increase the uncertainties in local
measurements.
VI. CONCLUSION
In summary, we have developed a quadratic quasi
entanglement measure for the general multipartite
quantum states. This measure is a generalization of
several well-known measures that have been studied in
the literature. The advantage of our measure is that it
can be expressed as a simple quadratic function of the
coherence vector that can be explicitly calculated. How-
ever, this measure is still not perfect for most general
quantum states, for which we call it quasi entanglement
measure, because it is not necessarily non-zero for all
entangled states and we are still not able to prove the
non-increasing property under more general LOCC
transformations except for local POVM measurements.
Nevertheless, the improvements of this measure com-
paring to the existing ones open up many perspectives
such as analysis of the mechanism of the entanglement
loss[3, 4, 5, 6, 7], and more importantly, the control of
preserving entanglement against environment-induced
decoherence effects, which used to be studied mainly
from numerical or experimental perspectives[8, 9, 10].
These remain to be studied in future work.
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APPENDIX A: PROOF OF THE LEMMA 1
(1) Separable states in the expanded coherence vector
picture.
By the definition of separable states, we have:
ρ =
∑
i
pi|ψ1i 〉〈ψ1i | ⊗ · · · ⊗ |ψni 〉〈ψni |
=
∑
i
pim¯
(1)
i ·
−→
Ω (1) ⊗ · · · m¯(n)i ·
−→
Ω (n)
= (
∑
i
pim¯
(1)
i ⊗ · · · m¯(n)i ) ·
−→
Ω .
Therefore, the expanded coherence vector of the separa-
ble states must be in the form of
m¯ =
∑
i
pim¯
(1)
i ⊗ · · · m¯(n)i .
(2) Local unitary operation in the expanded coherence
vector picture.
Firstly, the unitary operation of the N -level systems
can be expressed by the expanded coherence vector:
UρU † = U
 1
N
I +
N2−1∑
i=1
miΩi
U †
=
1
N
I +
N2−1∑
i=1
miUΩiU
†
≡ 1
N
I +
N2−1∑
i=1
m˜iΩi.
Obviously, m˜0 = m0. Denote m = (m1, · · · ,mN2−1)T ,
m˜ = (m˜1, · · · , m˜N2−1)T , we have
trρ2 =
1
N
+mTm, tr(UρU †)2 =
1
N
+ m˜T m˜,
which imply that m˜T m˜ = mTm. Therefore, there exists
an orthonormal matrix O ∈ so(N2 − 1), such that m˜ =
Om. Correspondingly, the expanded coherence vectors
satisfy that ˜¯m = O¯m¯ with O¯ = diag(1, O).
Furthermore, it is easy to show that local unitary op-
erations U1 ⊗ · · ·Un acting on the system density ma-
trices can be expressed as the tensor product operations
O¯ = O¯(1) ⊗ · · · O¯(n) on the corresponding expanded co-
herence vectors.
9(3) Local measurements in the expanded coherence vec-
tor picture.
For single partite case, measurements of N -level sys-
tems can be expressed as linear trace-preserving Kraus
maps:
ǫ(ρ) =
∑
j
LjρL
†
j
with
∑
j L
†
jLj = I. One can always express in the co-
herence vector picture the measurement by a linear op-
eration on the expanded coherence vector, i.e. the state
after a measurement can be written as ˜¯m = D¯m¯ where
D¯ is a constant matrix with proper dimensions.
If the measurement is further restricted to be a POVM
measurement, i.e. [Lj, L
†
j ] = 0, it can be calculated that
∑
j
LjρL
†
j =
∑
j
LjL
†
j
1
N
I +
∑
j
N2−1∑
i=1
miLjΩiL
†
j.
The first term is equal to 1
N
I because LjL
†
j = L
†
jLj and∑
j L
†
jLj = I. The second term can be expanded as a
linear combination of Ωi, i = 1, · · · , N2 − 1, because it is
traceless. Thus, for a POVM measurement, we have
∑
j
LjρL
†
j =
1
N
I +
N2−1∑
i=1
m˜iΩi.
Writing D¯ as
D¯ =
(
a hT
g D
)
,
one can show that
D¯m¯ = (am0 + h
Tm,m0g +Dm)
T
= (m˜0, m˜
T )T
The trace-preserving property requires that m˜0 =
m0 =
1√
N
, which implies a = 1 and hT = 0. Further, let
m = 0, i.e. ρ = 1
N
I, it can be verified that ǫ(ρ) = 1
N
I.
This is to say:
0 = m˜ = Dm+m0g = m0g =
1√
N
g,
so we have g = 0. Therefore, D¯ can be written in a
block-diagonal form D¯ = diag(1, D).
The fact that D is contractive for the POVM measure-
ment ǫ(ρ) can be proved by showing that
trǫ(ρ)2 ≤ trρ2.
To prove this fact, note that the inequality tr(A −
B)(A† −B†) ≥ 0 gives:
trBA† + trAB† ≤ trAA† + trBB†.
Let A = ρL†jLk and B = L
†
jLkρ. Applying the above
inequality together with the properties [Li, L
†
i ] = 0 and∑
i L
†
iLi = I, we have
trǫ(ρ)2 =
∑
j,k
trLjρL
†
jLkρL
†
k
=
1
2
∑
j,k
(
tr(ρL†jLkρL
†
kLj) + tr(L
†
jLkρL
†
kLjρ)
)
≤ 1
2
∑
j,k
(
tr(ρL†jLkL
†
kLjρ) + tr(L
†
jLkρ
2L
†
kLj)
)
=
∑
j,k
trρ2(L†jLkL
†
kLj) = trρ
2.
Thus it can be calculated that
1
N
+mTDTDm = m¯T D¯T D¯m¯ = trǫ(ρ)2
≤ trρ2 = m¯T m¯ = 1
N
+mTm,
so we havemTDTDm ≤ mTm for anyN2−1 dimensional
vector m which means DTD ≤ I.
For n-partite case, a local POVM measurement can be
written as:
ǫ(ρ) =
∑
i1···in
L
(1)
i1
⊗ · · ·L(n)in ρL
(1)†
i1
⊗ · · ·L(n)†in ,
where
∑
ik
L
(k)†
ik
L
(k)
ik
= I and [L
(k)
ik
, L
(k)†
ik
] = 0. One can
decompose ǫ(ρ) into the product of the local operations,
ǫk(ρ) =
∑
ik
MikρM
†
ik
,
where Mik = I ⊗ · · ·L(k)ik ⊗ · · · I. It is easy to verify
that the resulting expanded coherence vector of ǫ(ρ)
can be written as D¯m¯ = (D¯(1) ⊗ · · · D¯(n))m¯, where
D¯(k) = diag(1, D(k)), and D(k)TD(k) ≤ I.
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